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(" 1: Operators of Differential Dynamic Logic (dL) )
dL KeYmaera X Operator Meaning
e=d e=d equals true if values of terms e and d are equal
e>d e>=d greater-or-equal true if value of e greater-or-equal to value of d
pler,...,ex) p(el, ..., ek) predicate true if p holds for the value of (el,...,ek)
-P 1P not / negation true if P is false
PAQO P & Q and / conjunction true if both P and Q are true
PVO P | Q or / disjunction true if P is true or if Q is true
P—0 P —> Q implies / implication true if P is false or Q is true
P+ 0 P <—> 0Q equivalent / bi-implication true if P and Q are both true or both false
VxP \forall x P for all/universal quantifier true if P is true for all real values of variable x
dxP \exists x P exists/ existential quantifier true if P is true for some real value of variable x
[a]P [a]P box / [-] modality true if P is true after all runs of HP a
L (a)P <a>P diamond / (-) modality true if P is true after at least one run of HP a )
Unary operators (including Vx, 3x, o], (c)) bind stronger than binary operators. And ; binds stronger than U.
( 2: Statements and effects of Hybrid Programs (HPs) )
HP KeYmaera X Operation Effect
x:=e xX:=e; discrete assignment assigns value of term e to variable x
Xi=:x Xi=%; nondeterministic assign assigns any real value to variable x
X' =f(x)&Q {x"=f(x) & Q} continuous evolution evolve along differential equation x' = f(x)
within evolution domain Q for any duration
70 207 test check first-order formula Q at current state
a,b a; b sequential composition HP b starts after HP a finishes
aUb a ++ b nondeterministic choice choice between alternatives HP a or HP b
ka* {al* nondeterministic repetition repeats HP a n-times for any n € N )
Definitions /% function symbols cannot change their value during any %/
Real A = 5; /% real—valued maximum acceleration constant is defined as 5 =/
Real B; /% real—valued maximum braking constant is arbitrary %/
Bool safe(Real v) <—> v>=0; predicate of v for safety condition =/
HP accel 1= {7v<=5; a:=A3}; subprogram for acceleration a:=A %/
End.
ProgramVariables /= program variables may change their value over time =/
Real x, v; /% real—valued position and velocity of a simple car =/
Real a; /% current acceleration chosen by the car controller %/
End.
Problem /% differential dynamic logic conjecture =/
safe(v) & A>0 & B>0 /% initial condition where system starts */
—> /% implies %/
[ /% all runs of hybrid program in [...] %/

{ /% braces {} for grouping HPs %/
{accel; ++ a:=0; ++ a:=—B;} /% nondeterministic choice acceleration a =/
{x'=v, v'=a & v>=0} /% differential equation system in domain =/

}* @invariant (v>=0) /% loop repeats, @invariant contract %/

] safe(v) /% safety/postcondition after HP %/

End.
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( 3: Axioms )
assignb [:=] [x:=e]p(x) <> p(e)
randomb [:*] [x:=%]p(x) <> Vx p(x)
testb 21 [?2Q]P < (Q — P)
solve  []['=f(x)&q(x)]p(x) ¢ V20 ((VO<s<tq(x(s))) — ri=x(1)]p(x))  Gfx'(c) = f(x(1)))
choiceb [U] [aUb]P « [a]P A [D]P
composeb [;] [a;b]P < [a][b]P
iterateb [*] [a*]P < P Ala][a*|P
diamond () —[a]-P « (a)P
K K [a)(P— Q) — ([a]P — [a]Q)
I [ [a*]P <> PN [a*](P — [a]P)
\Y Vp—lalp (FV(p)NBV(a) = 0)
g J
( 4: Differential equation sequent calculus proof rules )
i dW constaQF ( ) const
Ik [ = f(x) &Qlp(x), A
. DOFRA OF = F)P)
CE X = f(x)&QJP,A
o TP =f@&OICA TF ¥ = f(x)&QACIRA
) TF ¥ = /(x) &QIP.A
'E3yx = y = +b(x) & QJP,A
dc dG YW = f(x),y = al)y +b(x) &0 (postcondition P can be replaced by G if G - P)
IE X = f(x)&Q|P.A
\ _J
5: Propositional sequent calculus proof rules )
. . LPEA g LFRA THOA W LEAPO
e TF-PA o TFPAQ.A o TFPVO.A
.  Trap o Lpora ., PLFA OTFA
e —PTFA o PAO.THA o PVO.TFA
ILPEAQ IPEAQ T,0FAP
implyR 2R ——— equivR <R
'-P— QA 'FP+ QA
AP QTFA PAQ.THFA —-PA-Q,TFA
implyL —L equivLl <L
P—QTFA P+ QT'FA
id id———r loseT TR =———— hideRWR rra rronrA
¢ Y PTFPA cooserue s TFPA TFPO.A
t‘tr’CFA I'EAC | e ] kA O,PTFA
cHE e A croseralse L e TFA OC PTFA POTFA
g J
6: Quantifier sequent calculus proof rules )
- p(y),A 't p(e),A :
allR VR I‘I—Vfcyiay(l),A (y € T,A,Vxp(x)) existsR IR r% (arbitrary term e)
’ A | A .
kallL VL F,V)l:(pe(zc)l—A (arbitrary term e) existsL dL F,El)l:(py(zc)l—A (y€T,A, 3xp(x)) )
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(" 7: dL Sequent calculus proof rules h
'J,A JEP JE[alJ r-c@,A FO+P
loop loop CEat CER
't [a*]P,A '+ CP),A
- A FP LCOFA FO+P
generalize MR 4]0 Q CEat CEL @ Q
't [a]P,A ILCP)FA
| FA Pk ' pk),A Fk=
generalize ML la]0 Q CEat CQR pk) ¢
I [a]PF A ' p(e),A
Leonst F P, Aconst F,p(k) FA Fk=e
bst t GVR —— CEat CQL
shehres TF [aP,A at CQ T,p(e)F A
discreteGhost iG L L =IPA ) cTR — =
l1screte OST 1 Fl—p7A y new Fl—c(e):c(k)’A
CTL Fe=k
[cle)=clk)FA
A rX-A2 'k [y:=e|lp A [y:=elo:FA ,
us US UR Dx A% ppp TF bi=elos bi=eloy 0.y, ¥ 2FV(9))
o) o(A) '-A 't [x:=elp,A Ix:=elpFA
\ _J
( 8: Differential equation axioms A
DW DW [ = f(x) & QJP & [¥' = f(x) & Q](Q — P)
DI DI ([ = f(x) &QIP + [20]P) + (@ — [¥' = f(x) & Q)(P)")
DC DC ([¥ = f(x) & QJP > [¥' = f(x) & QAC]P) + [x' = f(x) & Q]C
DE DE [¥' = f(x) & Q|P + [x' = f(x) & Q][x' := f(x)|P
DG DG [¥ = F(x) & QP & Iy ¥ = £(x),y' = a(x)y+b(x) &QIP
N\ _J
. . )
9: First-order axioms
allInst Vi (Vxp(x)) — p(e)
allDist V— Vx(P— Q)— (VxP—VxQ)
allv Vv p—Vxp (x €FV(p))
existsDual 4 -Vx—P < dxP
N\ _J
10: Derived rules A
iR TR FP tR*lRF'_Q’A 'Q—PA CeEonion )RFI—Q<—>P,A
coniae FI—RA cu cu FI—RA commutekEquivR <>c m
it T PH tL‘lLQ’F'_A I'AP—Q CeEonioL 'LQ<—>P,FI—A
coniae P,FI— A cu Cu P,FI— A commutekEquivL <=>c m
hide2 WLR ~Q ivifyR rey L P00
kCO l1Qae m equivity — L4 m )
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( 11: Differential axioms b
DS DS [x' = () q(x)]p(x) <> Vt>0 ((VOSSStq(x—i—c()s)) — [x:zx—l—c()t]p(x))
Dconst d(c()) =
Dvar X (x) =
Dplus +' (e+k) = (e) + (k)
Dminus —' (e—k) = (e)) — (k)
Dtimes Te-k) = (e) - k+e- (k)
Dquotient /' (e/k) = ((e) -k—e-(k))/k?
Deompose o [y:=g)][y :=1]((f(¢(x)))' = (f))- (¢(x))")

g J
12: Bellerophon tactic language operators for proof search B
Bellerophon Operation Effect

s ; t sequential composition run t on the output of s, failing if either fail
s | t alternative choice run t if applying s failed, failing if both fail
t* saturating repetition repeat tactic t until nothing changes any more
t*n fixed repetition repeat tactic t exactly n times, failing if any of those repetitions fail
<(tl, ..,tn) branching run tactic t i on branch i, failing if any fail or if branches #n
1: t on branch run tactic t on branch with label 1
doall (t) all branches run tactic t on all branches 1, failing if that fails on any branch
t(3J) at position apply tactic t at position J of the sequent
t(j,"e") at position apply tactic t to expression e, which is at position j of the sequent
1 succedent position position of first succedent formula. Similar 2, 3,...,’Rlast
=1 antecedent position position of first antecedent formula. ~ Similar -2, -3, ..., " Llast
-4.0.1 subposition second child of first child of fourth antecedent formula Similar 4.1
'R search succedent first applicable succedent position (where formula e is, if specified)

L "L search antecedent first applicable antecedent position (where formula e is, if specified) )

/% Mix explicit and search tactic for above example instead of just tactic auto =/

implyR (1) ; andL('L)% ; loop("v>=0", 1) ; <( /% < splits separate branches =/
"Init": id, /% initial case: prove by identity v>=01—v>=0 =/
"Post": QE, /% postcondition: prove by real arithmetic %/
"Step": /% induction step: decomposes HP explicitly %/
composeb (1) ; solve(l.1) ; choiceb(1l) ; andR(1) ; <( /% controller branches =/

composeb (1) ; testb(l) ; auto, /% decompose some steps then automate #/
choiceb (1) ; andR(1) ; doall(assignb (1) ; QE) /« doall same on all branches =/
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